Introduction. The theory of spectral operators on Banach spaces has been successfully generalized to a certain class of locally convex spaces by Ionescu Tulcea [4] , using the definition of spectra introduced by Waelbroeck [7] . On the other hand, Foias [3] considered a notion of generalized scalar operators on Banach space. The present work, suggested by these two works, develops a theory of very general spectral operators on locally convex space for which the space of linear continuous operators is quasi-complete.
Let A be a complex algebra with unit 1 endowed with a topology which makes A a separated locally convex linear space and for which the mapping (x, y) -• xy is separately continuous. Given an element x of A, the resolvent set p(x) of x is a subset of C = C U {<*>} (the one point compactification of the complex plane C) consisting of all points λ in C such that there is a neighborhood V λ of λ in which μl -x is invertible in A for μe V λ -{<*>} and the set {(μl -a?)" 1 ; μe V λ -{co}} is bounded in A. sp(x) = C -p(x) is called the spectrum of x. If co $ sp (x) , then x is called regular. One may refer to [7] and [5] for more details.
Waelbroeck [7] showed that if A is quasi-complete and x is a regular element of A, then the formula /(*) = defines an element f(x) of A for any function / holomorphic in a neighborhood of sp(x) y where 7 is a closed contour surrounding sp (x) and contained in the domain where / is holomorphic. Let D be an open set containing sp(x) and let H(D) be the space of all holomorphic functions on D. Then the mapping f->f(x) is a continuous homomorphism (linear multiplicative mapping) of H(D) into A. The function f(χ) ΞΞ 1 is mapped to 1 and the function f(X) = X is mapped to x.
Conversely, if there is a continuous homomorphism u of H(D) into A such that ^(1) = 1 and u(X) = x, then u(f) = f(x) for all feH(D).
If A is an algebra given above, we have an isomorphism x->L X of A into J5f (A) defined by L x y = xy for all ye A. Here, jSf (A) is the algebra of all continuous linear operators. The isomorphism is topological, if we consider the simple convergence topology in £f (A) . Furthemore, if L x is invertible in Sf(A) 9 then so is x in A. Therefore, the spectral 178 FUMI-YUKI MAEDA theory on A can be reduced to that on jδ^(A), or more generally, to that on £f (E) 9 where E is a separated locally convex space such that J*f(E) contains a quasi-complete full subalgebra with respect to some topology.
Thus, we shall consider in this paper a locally convex space E for which Jzf(E) is quasi-complete with respect to the uniform convergence topology on bounded sets in a family @; @ is a collection of bounded sets whose union is the whole space E. We remark that in this case, E itself is quasi-complete. Ionescu Tulcea [4] defined a scalar operator Se^f (E) as follows: Suppose there is a family ^ -{μ*. *' }*€».*' €*?' of bounded complex Radon measures on C and suppose there exists a continuous homomorphism f-* U(f) of the algebra of all bounded complex-valued Borel measurable functions on C into the algebra ^f(E) such that U(l) = I and ί/dμ βiβ , = <U(f)x, x'> for all a? e E, %' e E'. If the support of ^"(=the closure of the union of all supp μ XtX ,, x'eE') is compact and if (Sx, #'> = l Xdμ XtX ,(x) for all a? e i?, a?' e £", then we say that S is scalar. If, in this case, / is holomorphic in a neighborhood of sp(S), then we see that f(S) -U(f). Hence the mapping /-• U(f) can be regarded as a linear multiplicative extension of the mapping /->f(S). Similarly, a generalized scalar operators S introduced by Foias [3] is an operator in £f(E) for which there is a continuous homomorphism U of <tf°°{C) into £f(E) such that U(l) = / and J7(λ) = S. Here again, the mapping /-> U{f) is an extension of the mapping f-*f(S). These observations motivate us to define very general scalar operators (Definition 1.2) and furthermore, general spectral operators of transformations (Definitions 3.1 & 3.2) . We will see that many properties of scalar and spectral operators given in [1] , [2] , [3] , [4] , which called for more restricted conditions, remain true for our generalized ones. In particular, the decomposition theorem on spectral operators into scalar and quasi-nilpotent parts will be given in the form of Theorem 4.1 and 4.2 for the generalized spectral transformations. One should remark that only significant condition put on E is that ^f(E) is quasi-complete.
Finally, it is well to mention that a linear difierential operator with constant coefficients defined on the space of rapidly decreasing functions on R n is a generalized scalar operator by our definition (Example 2.5).
Φ Φ-scalar operators and Φ-spectral representations.
We consider an algebra Φ of Borel measurable complex valued functions on C( = R 2 ). If σ is a Borel set in C, then the set of all / e Φ such that supp / C σ will be denoted by Φ σ and the set of all feΦ with compact support is denoted by Φ c . DEFINITION (ii) lί feΦ has a compact support and if φ is holomorphic in a neighborhood of supp /, then fφeΦ.
(iii) 0 is a separated topological algebra with a topology stronger than that of uniform convergence on each compact set; Φ c is dense in Φ; the mapping φ-*fφ is continuous from H(σ) into Φ for any open set σ containing supp f,fe Φ c .
Examples of basic algebras (1) ^=^(C) = the algebra of all locally bounded Borel measurable functions on C with the topology of uniform convergence on each compact set.
(
. The topology is the inductive limit topology of (3) ίfo = <ir°(C) = the set of all continuous functions with the same topology as &.
(4) ^c°= 9f c°( C). The inductive limit topology of ίf δ°' s is given.
( 5 ) ^°° = ^°°(C) = the set of all infinitely differentiate functions with the topology of uniform convergence of all derivatives on each compact set.
(6) <Sf c°° = ^c°°(C) is the space &{R 2 ) of L. Schwartz [6] . Given a basic algebra Φ and an open set σ, let H(Φ; σ) = {feΦ; flσeH(σ)} = {feΦ; f is holomorphic in σ.} Then the mapping f-^f\o is a continuous homomorphism of H(Φ; σ) into iJ(ί7) by (iii) of Definition 1.1.
Throughout this paper, let £ be a separated locally convex space over C such that ^f(E) is quasi-complete with respect to a topology of uniform convergence on bounded sets in a family @. We always consider this given topology unless otherwise specified. Then, E itself is quasi-complete and any set in £?(E) which is bounded for the simple convergence topology is bounded for the given topology. The set of all regular elements, i.e., the set of all Te^f(E) with compact spectrum, will be denoted by £? r (E) .
Given Proof. Since the identity I is in the weak closure of the image of U, there is a net {/*} of functions in Φ such that U(f a )x -> x for all xeE. Since Φ c is dense in Φ and since U is continuous, we can choose /Vs having compact supports. PROPOSITION 
If U is a Φ-spectral representation and if constants are in Φ, then U(l) -I and hence
Hence by Proposition 1.1, 17 (1) 
Hence by Proposition 1.
for any σ D sp(S) from the uniqueness of f(S) and the proposition will be proved. The fact that sp(S) -δ 0 can be shown in the way of the proof of Proposition 1, Foias [3] . We remark that if μ £ supp / 0 , then (μ -λ)" 1 /^) e Φ by the condition (ii) of Definition 1.1 and it is holomorphic in μ.
This proposition and the following one, which is immediate from the definition, show the direct relationship between 0-scalar operators and Φ-spectral representations. REMARK 1. Let Φ λ and Φ 2 be two basic algebras. If Φ x £ Φ 2 and the topology of Φ 1 is stronger than that of Φ 2 induced on Φ x and Φ 2 is dense in Φ 2 , then any 0 2 -spectral representation is (^-spectral, so that any $ 2 -scalar operator is (^-scalar. In particular, any ^-scalar operator is ^° and <^~-scalar and any ^.-scalar operator is £f;°-and ^c°°-scalar. REMARK 2. It can be shown that if E is reflexive, then any ^°-spectral representation or ^-spectral representation is ^-spectral.
y for /e^, # e lϊ and x' 6 £", where Ϊ7 is an extension map of / -> /(S), is a spectral family of measures corresponding to S in the sense of Ionescu Tulcea [4] . Therefore, if E is barreled and if we consider the topology of uniform convergence on each bounded set, the extension map U must be unique by [4] , On the other hand, the following example shows that the extension may not be unique to ^°° when S is ^"-scalar: Let S be ^"-scalar with an extension /-> U(f) of f->f (S) to 9f°°. Let Q Φ 0 be a nilpotent operator in £?(E), say Q* fl = 0, commuting with all £/(/), /e^°°. Now, we define
It is elementary to see that V is a homomorphism of ^°° into ^f(E). Since f-*Df is continuous in ^°°, f-^V(f) is continuous. Thus, F is an extension of f-^f(S)
to be a continuous homomorphism on <έf°° and is different from 27. DEFINITION 1.4. Let X be a set and let Ψ be an algebra of complex valued functions on X with a locally convex topology. Given a basic algebra Φ, Ψ is called Φ-admissίble if (i) / o φ e Ψ for any /e $ and φ 6 Ψ, and (ii) f-+foφ is a continuous mapping of 0 into Ψ for each φeΨ. We remark that (i) implies that Ψ contains constant functions. The following examples of (^-admissible algebra are of special interest: EXAMPLE 1.1. Let X be a separated topological space and let Ψ be the set of all bounded continuous functions on X with the uniform convergence topology. Then Ψ is ^c°-and ^-admissible. EXAMPLE 1.2. Let X be a locally compact space and let Ψ be the topological direct sum of two algebras Ψ x and C; Ψ = Ψ τ 0 C, where 182 FUMI-YUKI MAEDA Ψ λ is the set of all continuous functions with compact support. The topology of Ψ x is the inductive limit topology of Ψ lt z& like that of ^Λ Then Ψ is ^-admissible.
In fact, if fe <gf c°, then foφ = {f°Φ~ /(0)} + /(0) and / o φ -/(0) e Ψ x . Furthermore we have δU{0} f where δ = φ(X). EXAMPLE 1.3. Let X be a if °°-manifold and Ψ be the set of all <^°°-functions on X whose derivatives are all bounded. If we consider the topology of uniform convergence of all derivatives in X, then Ψ iŝ c°°-admissible. EXAMPLE 1.4. Let X be a ^°°-manifold and let Ψ x be the set of all ^°°-functions with compact support. The topology of Ψ 1 is the inductive limit topology like that of ^°°.
Then Ψ = Ψ λ @C is if c~-admissible. THEOREM 
Let Φ be a basic algebra and let Ψ be a Φ-admissible algebra of functions on X. If V is a continuous homomorphism of Ψ into £?{E) such that V(l) = I, then V(φ) is Φ-scalar whenever φeΨ is bounded, sp( V(φ)) S Φ(X) and, in fact, f-»V(foφ)
is an extension map of f-+f(V(φ)). 2. Subspaces corresponding to a 0*spectral representation^ Given a 0-spectral representation ί7, we consider (see [3] ) subspaces E u>σ of E Then, U(f)x = U(f)U(g)y = U(fg)y = C/(^ -x. PROPOSITION 
Proof. It is clear that / -*
V(f © φ) is a homomorphism of Φ intô f(E). Let U(f) = V(f o <p). Since f-+foφ,GENERALIZED SPECTRAL OPERATORS 183 for open or closed set σ in C as follows
x e E u>δ if and only if U(f)x = 0 for any f such that supp / Π δ = φ. (δ is a compact set.)
Proof. Suppose xeE Uth .
Then, there is # e ^σ such that x = C/(^)7/, where σ = C supp/! Hence [/(/> -U(f)U(g)y -tf(0)y = 0. Conversely, suppose U(f)x = 0 for any / such that supp/ίΊ δ = Φ. Let σ be an arbitrary open set (bounded) containing δ and let f σ e Φ σ be equal to 1 in a neighborhood of δ. Suppose first that x e E u>00 . Then there is a compact set δ l9 δ 1 3 ό", such that xeE u>5i .
Let f o eΦ be equal to 1 in a neighborhood of 5 1# Then, U(f o )x = a? by Proposition 2.1. On the other hand, / σ -/ 0 = 0 on a neighborhood of <5, i.e., supp (/ σ -/o) Π δ = 0. Hence, by our assumption, Z7(/ σ -/ 0 )a? = 0 or U(f σ )x = U(f o )x = a?. Therefore, a? e E π%σ . Since σ 3 δ is arbitrary, a; e E Ut8 . Next, let a? be arbitrary. Take a net {/*} given in Proposition 1.
Then, U(f Λ )x e E u>oo and for / e Φ Όl U(f) U(f Λ )x = U(f Λ ) U(f) x = 0. Hence, by the above argument, U(f a )x e E UtS .
Since E UtS is closed, x = \im a U(f ω )x e J5^i δ . EXAMPLE 2,1 Let Φ be an arbitrary basic algebra and let J h be 184 FUMI-YUKI MAEDA the homomorphism of Φ into <^(E) defined by j λ (/) = f(χ)l for all fe Φ (λ e C is fixed) .
Then, J λ is a (^-spectral representation and
Hence Xle^f(E) is (^-scalar. EXAMPLE 2.2. Let Φ = & and let U be a (^-spectral representation. If we write P 5 -£7(χ δ ) for any Borel set <?, where χ δ is the characteristic function of <?, then P δ is a projection on E and E Ut & = P 5 
(E).
The family {P δ ; 5 Borel set} is a spectral measure in the sense of Dunford or Ionescu Tulcea. (See [2] and [4] .) PROPOSITION 
// U is a Φ-spectral representation and if d is a compact set such that E Uι5 Φ {0}, then
where f^eΦ is equal to 1 in a neighborhood of 3.
Proof. Let X o eCδ.
Choose f s eΦ such that / 8 = 1 in a neighborhood of δ and / δ = 0 in a neighborhood N of λ 0 . For any 5 . We know that C7(/ δ ) δ -J δ . Put S δ -Z7(λ/ δ ) δ and f μ (X) = f δ (X)(μ -X)'
Te.£f(E), we write T, = T/E U)
Then / μ 6 Φ and i7(/ μ ) is holomorphic in μeN, hence so is 27(/ μ ) δ . Now, we have The following proposition is an immediate consequence of the definition: PROPOSITION [1] ). This transformation T is obviously (^-scalar and U is the corresponding (^-spectral representation.
// T is Φ-scalar, then T n U(f) e ^f(E) for any n = l, 2, ••• and for any feΦ c . Furthermore, TU(f)= U(f)T on E u>oo for any feΦ and T(E UίS
We remark that the closed transformation constructed above is the minimal closed extension of JL. Therefore, (Γ, D τ ) is determined independent of the choice of a net {/*}. PROPOSITION Proof. Let δ be compact and let / δ e Φ be as before.
Thus, ϋ(λ/β) β = V(φ)t. EXAMPLE 2.3. Unbounded self adjoint operators on Hubert space, or more generally, unbounded spectral operators of scalar type on Banach space (see [1] and [2] ) are .^-scalar. 
The topology of ^ is defined by a countable number or norms P,, m , 1 = 0,1, •••, m = 0,1, ••• :
Then y is a Frechet space and ^f(^) is complete. Let P = P{x u , x n ) be a complex valued polynomial in x l9 , αj n . Corresponding to this polynomial, we consider a linear operator T P on £f defined by T P φ = P-φ for all cpe^. It can be seen that T P e£?(^). Also, for fe <έ? c°°, we define U P (f) by C/ P (/)^ = (f°P)φ.
Again, by a somewhat elaborate computation, we can see that U P (f) e ^f(^) for all / e ^c°° and that the mapping / -> U P (f) is continuous from WΓ into ^{^).
It is easy to construct a sequence {/ n } of functions in .°° such that lim^co U P {f n )φ = ^ for any 9? e ^. Thus, U P is a ^c°°-spectral representation. For this U P , E Up>5 -{φe<9*; supp φ s P" 1^) }. Then we can see that JΓ P is ^c°°-scalar with the corresponding representation Z7p.
The Fourier transformation F is a topological isomorphism of ô nto itself ( [6] . Chap. VII, §6). Let us denote by F the induced automorphism on J^(^); FT -FTP" 1 
for Te^f(^).
Then, Γ and FT have same spectral properties; in particular, if T is scalar, so is FT. Since T P is 9f c°°-scalar, 
for /e ^c 00 and ?>e^(i2). If ί is a compact set whose intersection with the real line is a closed interval [-L, L], then 9> can be extended to an entire function of exponential type rg
We remark that sp(P(D)) = sp(T P ) = image of P. Therefore, in particular, sp(djdx) = the imaginary axis.
3* 0-sρectral transformations. Now that we have the subspaces Ejj tB , the following definitions of (^-spectral operators and 0-spectral transformations are natural extensions of the spectral operators given by Dunford [2] and Ionescu Tulcea [4] . DEFINITION 
Given a basic algebra Φ, Te^f(E)
is called a [2] and by Ionescu Tulcea [4] is .^-spectral. REMARK 
By the condition (i), we see that D τ is dense in E.
REMARK 2. If T is closed and if the closed graph theorem holds in E, then the condition (iii) follows from (i) and (ii). REMARK 3. If E is barreled and if we consider the bounded convergence topology in ^f(E) f then any ^-spectral operator T is spectral in the sense of Ionescu Tulcea [4] . Hence, the corresponding representation U is uniquely determined by T. On the other hand, Foias [3] showed that U may not be unique if Φ = ^c°°. Later (Theorem 3.1), we shall show that the spaces E u>5 are uniquely determined in any case. PROPOSITION 
// T is Φ-spectral and U is a corresponding Φ-spectral representation, then supp U gΞ sp(T).
Proof. Suppose not, i.e., suppose supp U Π p(T) Φ φ. Let μesupp U Π p(T) and let σ be a neighborhood of μ contained in ρ(T). Then there is feΦ σ such that U(f) Φ 0. Then, E UtSnvpf Φ {0}. Since T is Φ-spectral,
This is impossible. Hence we have the proposition. COROLLARY. Proof. Let δ = supp/ be compact and let λgδ. Since sp(T) £ δ, there is i? λfδ such that
// T i$ Φ-spectral and sp(T) is compact, then
Since J7(/)aj e E σt8 , we have = 0 .
Since (P β is dense in <P, U(f)x = 0 even if supp/ is not compact. Hence, we conclude that xeE UΛλ} by Proposition 2.2. The last statement of the proposition follows from Proposition 2.1. Proof. We can prove this in a way similar to the proof of Theorem 1 in Foias [3] , using the previous proposition,
We are now able to define the spectrum of an element x e E with respect to a 0-spectral transformation T, as was done in Dunford [2] and Foias [3] for special cases: DEFINITION 3.3. Let T be (^-spectral and let x e E. The set of all λ 0 G C such that there is a holomorphic function x λ ( e D τ ) defined in a neighborhood N of λ 0 satisfying the equation (XI -T)x κ = x for λe N -{co}, will be denoted by p τ (x) .
The set sp τ (x) = C -p τ {x) is called the spectrum of x with respect to T.
By the previous proposition, x λ is uniquely determined on p τ (x) and
is closed in C. THEOREM 3.1. // Γ is Φspectral and U is a corresponding Φ-spectral representation, then E Ut5 -{x; sp τ (x) <Ξ δ) for any compact set δ. Therofore, E τ>h = E UιB is uniquely determined by T.
The proof of this theorem is again similar to those of Proposition 3 and Theorem 2 of Foias [3] . If we use our Proposition 2.2, then the proof will become simpler.
Decomposition theorem for
Φ^spectral transformations* In what follows, we always assume that T is a 0-spectral transformation, U is a corresponding (^-spectral representation and E B = E Tt8 = E Uι8 is the subspace of E for each compact set δ, given in the previous sections. LEMMA for I λ -λ 0 1 > p λo and the series converges uniformly for | λ -λ 0 1 ^ r, r > i°λ 0 (see, for example, Dunford [2] ). Therefore, we have the proposition.
COROLLARY.
Let supp/ be compact, λg supp/ and let ρ f>κ -μ -λ |.
Then, for any xeE and r > p fιλ , the set {(λ/-T) n U(f)$lr n ; n = 1, 2, •} is bounded in E.
Proof. If U{f)x -0, then it is trivial. If U{f)x Φ 0, then E suvvf Φ {0}, so that we can apply the lemma for U{f)x and δ = supp/.
Given a compact set 3, let / δ e 0 C be equal to 1 in a neighborhood a of 3. 
Now, we can write [T-U(Xf 8 )YU(f)U(g) -T)YU(f)U{g)
Let n = r/2 and let f ± eΦ be such that f x = 1 on a neighborhood of and d Λ < n. n U(f)U(g)lr n ; n = 1,2, ..} is contained in the convex hull of BJi^ which is again bounded. Hence the set is bounded and the lemma is proved.
We are now ready to prove the following proposition, to which the main theorem of decomposition is a corollary:
